Spatial confinements induce localization or delocalization on the electron density in atoms and molecules, and the hydrogen atom is not the exception to these results. In previous works, this system has been confined by an infinite and a finite potential where the wave-function exhibits an exact solution, and, consequently, their Shannon entropies deliver exact results. In this article, the Shannon entropy in configuration space is examined for the hydrogen atom submitted to four different potentials: (a) infinite potential; (b) Coulomb plus harmonic oscillator; (c) constant potential; and (d) dielectric continuum. For all these potentials, the Schrödinger equation admitted an exact analytic solution, and therefore the corresponding electron density has a closed-form. From the study of these confinements, we observed that the Shannon entropy in configuration space is a good indicator of localization and delocalization of the electron density for ground and excited states of the hydrogen atom confined under these circumstances. In particular, the confinement imposed by a parabolic potential induced characteristics that were not presented for other confinements; for example, the kinetic energy exhibited oscillations when the confinement radius is varied and such oscillations coincided with oscillations showed by the Shannon entropy in configuration space. This result indicates that, when the kinetic energy is increased, the Shannon entropy is decreased and vice versa.
Introduction
The confined atom model consists of the application of an external potential over an atom. Typically, the external potential is radial, and the atom is centered in a sphere of radius r 0 [1, 2] . This model has been used to mimic the environment where an atom is immersed [1, [3] [4] [5] [6] or to test the quality of theoretical models that provide the electronic structure of atomic systems [7, 8] . For example, the performance of exchange-correlation functionals has been tested when an atom is submitted to extreme conditions [9, 10] or sophisticate methods have been tested over atoms with a few electrons to deliver accurate total energies or electron densities [11, 12] . From these applications, unexpected results have been found for some atoms confined by different potentials. For example, if the external potential is infinite (impenetrable walls [13] [14] [15] [16] ) on the sphere surface and the radius r 0 is reduced, then there are crossings among some orbital energies. In this sense, some results have shown that for small r 0 the orbital 4s is higher than the 3d in a potassium atom presenting the electronic s − d transition, which is observed experimentally [17, 18] .
Another exciting result observed in confined atoms is the delocalization of the electron density for atoms confined by an external potential with a finite value (penetrable walls) over the sphere that defines the confinement. For this case, when r 0 is reduced, and the highest occupied orbital energy is close to the value imposed by the finite potential, the wave-function, or electron density, starts to be dispersed over the whole space, i.e., these quantities are delocalized [19] . For many-electron atoms, by using the Hartree-Fock approximation, Rodriguez-Bautista et al. [20] proposed to the Shannon entropy [21] [22] [23] in the configuration space
as indicator to measure the delocalization of the electron density when penetrable walls confine many-electron atoms. They found that such a delocalization is evidenced if the Shannon entropy change
is used. In this case, S ρ (r 0 ) corresponds to the Shannon entropy of a confined atom and S ( f ree) ρ is related to the f ree atom. They found that for confinements where the electron density is localized ∆S ρ < 0 and if the electron density is delocalized ∆S ρ > 0. For impenetrable confinement, Sen found that the Shannon entropy for many-electron atoms decreases when the confinement radius acquires small values [24] , which is consistent with results reported by Mukherjee and Roy [25, 26] for the hydrogen atom confined by impenetrable walls. For this kind of confinement, there is no doubt about the localization of the electron density since the electrons do not have possibilities to escape. Conclusions obtained for many-electron atoms coincide with those obtained by Aquino et al. [27] for the hydrogen atom. In fact, many features observed for many-electron atoms are recovered by the hydrogen atom. Thus, the aim of this article is the study of the Shannon entropy in configuration space for the hydrogen atom confined by different confinements, not only confinements imposed by a constant or an infinite potential since in this article we deal confinements imposed by a dielectric continuum and by an isotropic harmonic potentials.
Methodology
In atomic units (h = 1, m e = 1, and e = 1), the Schrödinger equation associated to the hydrogen atom has the expression
with the potential defined as
In this definition, Z represents the atomic number, r 0 is the radius of the cavity or confinement radius, and v c (r) is the confinement potential. In this article, we consider four confinements defined as
U 0 represents a constant potential, ω is the angular frequency of the oscillator and is the relative permittivity of the corresponding dielectric. From these expressions, it is clear that the wave-function can be analyzed as the product ψ(r) = R(r)Y m (θ, φ) and consequently the radial differential equation is
The solution of this equation for the potentials considered in this article was obtained in similar way to the procedure designed by Ley-Koo and Rubistein [28] . Thus, the solution must be represented in two parts: R in and R out . For the internal part where the potential is Coulombic, the radial wave-function R in (r) has the expression R in (r) = Ar P(r),
with P(r)
and
Starting with
For the external region, each potential has associated its own solution. Naturally, for the infinite potential, the solution is R out (r) = 0. The solution for the external region is represented as R prb (r), R fnt (r) and R dlc (r) for the isotropic harmonic potential, finite potential, and dielectric continuum potential, respectively.
For the confinement imposed by an isotropic harmonic oscillator potential, the solution is
where f (r) must satisfy the differential equation
Details for this solution will be published elsewhere since in this article we are interested only in the corresponding electron density.
Ley-Koo and Rubinstein [28] gave the solution for the constant potential U 0 , which is
and the corresponding differential equation for f (r) is
Finally, for the dielectric continuum potential Martínez-Sánchez et al. [29] found that
in this case, f (r) must satisfy
The following boundary conditions
assure continuity in the wave-function and its first derivative. In addition, these conditions connect r 0 and ξ. In fact, this is the way to obtain ξ if r 0 is fixed; conversely, r 0 can be obtained from a fixed ξ.
We have delineated the way to solve the Schrödinger equation for the confined hydrogen atom. From here, it is possible to obtain the electron density and the Shannon entropy in configuration space. For this purpose, we do use the spherical average of the electron density,
in the same way as Gadre et al. studied the Shannon entropy in f ree many-electron atoms [30] .
Results

Free Hydrogen Atom
In this article, ∆S ρ is the central quantity to analyze for the confined hydrogen atom. For this reason,
is discussed in first instance. According to Equation (19), the spherical average of the electron density for the f ree hydrogen atom isρ
where R Ha n (r) are hydrogen-like wave-functions. The Shannon entropy for this case is
where A (Z) n is a normalization constant, r n is the expected value of the position
and h (Z)
L (2 +1) n− −1 are the associated Laguerre polynomials. The two integrals of Equation (21) have no closed-form solution [31] . For impenetrable walls, Jiao et al. reported only the first integral since they studied the hydrogen atom under this confinement [31] . There are two important features to mention for the evaluation of these integrals:
1. The first integral vanishes for s orbitals ( = 0). 2. The second integral does not contribute to the final result for orbitals that satisfy the relationship n − − 1 = 0 (no nodes in the wave-function).
The ground state for the f ree hydrogen atom satisfies both conditions and therefore allows an exact analytical expression for the Shannon entropy [32] ,
For other states, numerical techniques are necessary to evaluate Equation (21) . The Shannon entropy in configuration space for some states of a f ree hydrogen-like atom is presented in Figure 1 . In this figure, it is evident how S (free) ρ decreases when the atomic number Z acquires high values; in fact, this property exhibits negative values for Z ≥ π 1/3 e, which is obtained from Equation (24) . Besides, we expect localization of the electron density for high values of Z, in this sense the electron density is confined for high values of Z.
This result is supported by the Shannon entropy in Figure 1 . Thus, the smaller is S (free) ρ , the bigger is the localization. From Figure 1 , we conclude that this result is valid for ground and excited states. This figure is interesting since, if we fix Z, for example Z = 1, then we observe that orbitals in the f ree hydrogen atom exhibit different grade of localization because S
1s). This conclusion is completely in accord with those plots presented for the radial distribution function for the hydrogen atom in quantum mechanics books, where the orbital 2s is more extended to the 2p. Furthermore, if we use ∆S
, then this quantity always is negative, which is associated to localization of the electron density. However, we found that this ∆S (Z) ρ exhibits the same rate as a function of Z. This means that all orbitals in the hydrogen atom give the same response for the localization when the atomic number is increased. 
Confined Hydrogen Atom
Now, we discuss ∆S for the four confinements as a function of the confinement radius using as reference the Shannon entropy of the f ree hydrogen atom depicted in Figure 1 for Z =1. For this analysis, the Shannon entropy depends on the confinement potential and the confinement radius r 0 . The change of the Shannon entropy defined as ∆S(r 0 ) = S ρ (r 0 ) − S (free) ρ is depicted in Figure 2 for the ground state of the confined hydrogen atom. In this figure, ∆S(r 0 ) is presented as a function of r 0 . If the f ree system is used as reference, then, for moderate values of r 0 , all potentials localize to the electron density since ∆S < 0. When r 0 is small, ∆S > 0, except for impenetrable walls [33] , and consequently ∆S shows a minimum (except for impenetrable walls). The position of the corresponding minimum and its deepness depend on the confinement potential. The ionization of the hydrogen atom is expected when this atom is confined by a dielectric continuum and a constant potential since in these cases ∆S grows up rapidly. From this figure, we observe such an electron detachment first for the dielectric continuum and after it for the constant potential if we use the f ree atom as the starting point.
The analysis of the confinement imposed by a parabolic potential deserves its own space. From Figure 2 , it is clear that, in the limit r 0 → 0, ∆S → 0.1121. This result corresponds to the ∆S between the isotropic harmonic oscillator [32] S (osc) ρ = ln(π) + 1 2 ln π ω 3 + 6ω (25) and the f ree hydrogen atom. This result suggests that the wave-function for the isotropic harmonic oscillator is more extended than that obtained for the f ree hydrogen atom. To corroborate this suggestion, in Figure 3 , we compare the orbital 1s associated to the isotropic harmonic oscillator and the f ree hydrogen atom. In this figure, we observe that in the asymptotic region the wave-function associated to the isotropic harmonic oscillator goes to zero faster than that observed for the f ree hydrogen atom. However, the maximum of the radial distribution function of the isotropic harmonic oscillator is displaced to values of r bigger than that observed for the free hydrogen atom. This is a significant result since the Shannon entropy in configuration space gives information of the delocalization of the electron density over the whole domain, which is not restricted only for the asymptotic region. For excited states, ∆S exhibits some interesting characteristics which are not present for the ground state. For example, the ∆S associated to 2s and 2p is presented in Figure 4 . From this figure we found that, except for the parabolic potential, the behavior for ∆S is almost the same as that obtained for the ground state. Naturally, these orbitals do not have the same extension and for that reason ∆S exhibit some displacements in these states. However, for the parabolic potential this property presents different number of minima and this number corresponds to the number of nodes in the wave-function plus 1. We analyzed several states to corroborate this result. As an additional example, we present ∆S for the 4s state in Figure 5a . In this case, the wave-function has three nodes and consequently we expect four minima in ∆S, which is verified in in this figure. Only for the ground state S osc ρ > S ( f ree) ρ , for other states ∆S < 0, which indicates that these states for the isotropic harmonic oscillator are more localized than the corresponding states in the free hydrogen atom. Besides, the position of each minimum for ∆S is also reported in Figure 5a . To explore possible reasons for this behavior, we computed total energy and components of this property for each state.
The kinetic (K) and potential (V) energies are depicted in Figure 5b where we found two limits; one of these limits corresponds to the free hydrogen atom (r 0 → ∞) and the other to the isotropic harmonic oscillator (r 0 → 0). From this figure, we observe oscillations in both components of the energy, curiously where the kinetic energy shows a maximum the potential energy exhibits a minimum and vice versa. In the same plot, we report the position of each maximum found for the kinetic energy. If we compare plots in Figure 5 , it is evident that maxima of the kinetic energy coincide with minima of ∆S. Thus, if the confinement imposed by the parabolic potential decreases the kinetic energy, then the Shannon entropy in the configuration space will be increased.
Conclusions
In this article, we present the Shannon entropy in configuration space associated to the exact electron density of the hydrogen atom confined by four different potentials. The Shannon entropy always decreased when the confinement is imposed by impenetrable walls and the radius of the cavity is reduced. For this case, there is a direct relationship between localization of the electron density and the Shannon entropy in configuration space. Contrary to this behavior, confinements imposed by a dielectric continuum or a constant potential are able to eject an electron for small confinement radii. For these cases, the Shannon entropy grew up rapidly around the zone where the detachment is observed. Thus, large values of the Shannon entropy in configuration space represent delocalization in the electron density. The parabolic potential induced oscillation on the Shannon entropy in configuration space, which is related to oscillations on the energy components. We found that the sites where the kinetic energy is maximum are in the same position of the minima exhibited by the Shannon entropy. 
